We discuss the maximum size of uniform intersecting families with covering number at least . Among others, we construct a large k-uniform intersecting family with covering number k, which provides a counterexample to a conjecture of Lov asz. The construction for odd k can be visualized on an annulus, while for even k on a M obius band.
Introduction
Let X be a nite set. Note that C t (F) = ; for t < (F). Dene p t (k) = maxfjC t (F)j : F X k ! is intersecting and (F) tg:
Note that jC t (F)j k t was proved by Gy arf as [7] without the assumption of F being intersecting. In that inequality, equality is attained only if F consists of t pairwise disjoint sets, in particular, for t 2 if F is non-intersecting.
The aim of the present paper is to attain better bounds for p t (k) and apply them to estimate the maximum size of intersecting families with xed covering number.
Let us rst derive some useful facts concerning p t (k).
(1) p 1 (k) = k (take jFj = 1). (2) 
, F intersecting, (F) = t + 1 and jC t+1 (F)j = p t+1 (k). Dene C = C t+1 (F). Let F 2 F be an arbitrary member of F. By denition, F \ C 6 = ; holds for every C 2 C. Thus jCj P x2F jC(x)j holds. Therefore, in order to establish (2) it is sucient to prove jC(x)j p t (k) for all x 2 F . Consider F( x). It is intersecting with t (F( x)) (F) = t + 1: Moreover, C(x) C t (F( x)) is immediate from the denitions. Thus jC(x)j = 0 holds if (F( x)) = t + 1 and jC(x)j p t (k), otherwise. Proof Consider F( A) F. Then (F( A)) (F) 0 jAj = t 0 a. Moreover, C t (F)(A) C t0a (F( A)) holds. By denition of p t0a (k) the desired inequality follows.
The following was proved implicitly in Frankl [3] . For a simple proof, see [4] .
Using a construction described in the next section, it is not dicult to check that p 3 (k) (k 0 1) 3 + 3(k 0 1) = k 3 0 3k 2 + 6k 0 4 holds for all k 3. The following is the key result proved in [4] . (The proof is not simple.) (5) The following is proved in [5] . (6) For k k 0 , p 4 (k) = k 4 0 6k 3 + O(k 2 ). We will give a conjecture for p t (k) (t 5) in section 3.
Let us dene r(k) := maxfjFj : F is k-uniform and intersecting with (F) = kg:
For example, r(2) = 3 and the only extremal conguration is a triangle. Note that, C k (F) F for every intersecting k-uniform hypergraph, and equality must hold if jFj = r(k) holds (together with (F) = k). Recall also, that r(k) k k was proved by Erd} os and Lov asz [2] .
The inequality in (7) is likely to be strict for all k 3. E.g. for k = 3 consider the family F = ff1; 2; 3g; f3; 4; 5g; f5;6; 1g; f2; 4; 5g; f4; 6; 1g; f6;2; 3gg: Proof We can choose F; F 0 2 F such that F = f1; 2; 3g, F 0 = f1; 4; 5g. There exists G 2 F such that G \ f2; 4g = ;. If 1 2 G, then deg(1) 3. Otherwise we may assume G = f3;5; 6g. We can choose G 0 2 F such that G 0 \ f3; 4g = ;. Since F 0 \ G 0 6 = ;, we have G 0 \ f1;5g 6 = ;. This implies deg(1) 3 or deg(5) 3.
Next we prove jFj 6. Assume on the contrary that jFj 5. We choose x 2 X such that deg(x) 3. Thus the number of edges which do not contain x is at most 2. Let F and F 0 be such edges. Choose y 2 F \ F 0 . Then fx; yg is a cover of F, which contradicts (F) = 3.
(10) p 3 (3) = 14.
Proof Case 1. There exist F; F 0 2 F such that jF \ F 0 j = 2. Let F = f1;2; 3g, F 0 = f1;2; 4g, and C = C 3 (F). By (3) and (4), jC(1)j 7 and jC(2)j 7. Thus, since F; F 0 2 C(1) \ C(2), jC(1) [ C(2)j 7 + 7 0 2 = 12:
Suppose jCj 15. Then jC( 1 2)j 3. Every member of C( 1 2) must meet F at f3g and F 0 at f4g, and hence f3; 4; 5g; f3; 4; 6g; f3; 4; 7g 2 C: Since F( 3 4) 6 = ;, we must have f5; 6; 7g 2 F( 3 4). But F \ f5; 6; 7g = ;, a contradiction.
Case 2. For all distinct edges F; F 0 2 F, jF \ F 0 j = 1. Let C = C 3 (F). We may assume that deg (1) Let us remark that the same proof yields (12) r(k + 1) (k + 1)r(k) + 1.
Using the above inequality together with r(2) = 3, we obtain 2 A counterexample to a conjecture of Lov asz
Erd} os and Lov asz [2] proved that the maximum size of k-uniform intersecting families with covering number k is at least bk!(e 0 1)c and at most k k . Lov asz [10] conjectured that bk!(e 0 1)c is the exact bound. This conjecture is true for k = 2; 3. However, for the case k 4, this conjecture turns out to be false. In this section, we will construct k-uniform intersecting family with covering number k whose size is greater than (
k01 . The constructions are rather complicated, therefore we rst give an outline of them. There is a particular element x 0 which will have the unique highest degree in general.
We construct an intersecting family G 
6
The following fact is easily proved by induction on i. In fact, such an integer r exists by Proposition 1. The following claim can be shown easily. Thus, our construction is exponentially larger than Erd} os{Lov asz construction. For the case = k, we conjecture the following. We close this section with a bold conjecture. This conjecture is true if \k 4 and = 2 [9] ," or \k 4 and = 3 [3] ," or \k 10 and = 4 [4] ." (Inequality holds even if \k = 3 and = 2," or \k = 3 and = 3," but the uniqueness of the extremal conguration does not hold in these cases.) Of course, this conjecture is much stronger than Conjecture 3. Note that for k = this conjecture would give the solution to the problem of Erd} os{Lov asz, and in particular, it would show that the answer to Problem 1 is 42.
